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Abstract 
Norwood showed that two-generator knots are prime and provided an example of a composite 
two-generator link of two components. Here a generalization of a theorem of Norwood shows 
that certain free products with amalgamation are not generated by any two group elements. This 
result is used to show that any composite two-generator link has Hopf link summand. The knot 
summmand is a two-generator knot in which one generator may be chosen to represent the class 
of a meridian. 
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1. Introduction 
This paper is part of the continuing study of the connection between a link and the 
fundamental group of its complementary space. One measure of the geometric complexity 
of a link complement is the minimal genus of a Heegard splitting. Similarly, one measure 
of the algebraic complexity of a group is the minimal number of generators needed to 
present the group. In these measures, the simplest nontrivial links are the tunnel number 
one and two-generator links. A link is called tunnel number one if there exists a piecewise 
linear arc which may be properly attached to the link so that the complement of a 
regular neighborhood of the resulting complex is a genus two handlebody. Dually, the 
complement of a tunnel number one link has a Heegard splitting of genus two, from 
which one obtains a two generator, one relator presentation for the link group. A link for 
which two is the minimal number of generators needed to present the group of the link 
is called a two-generator link. Thus the class of two-generator links includes the tunnel 
number one links. This class of links includes the torus links, the two bridge links and 
’ E-mail: ajones@math.ucdavis.edu. 
01668641/95/$09.50 0 199.5 Elsevier Science B.V. AH rights reserved 
SSDI 0166-8641(95)00014-3 
166 A.C. Jones / i%pology und its Applications 67 (1995) 165-I 78 
Fig. 1. The composite two-generator link 31#2: 
many others. To date, it is not known if the two-generator and tunnel number one knots 
coincide, as conjectured by Scharlemann [ 171. Norwood showed that two-generator knots 
and hence tunnel number one knots are prime, but his published proof [ 1 I] appears to 
have a gap. Scharlemann [17] later provided a geometric proof that tunnel number one 
knots are prime. In [ 111, Norwood produced an example of a two-generator composite 
link. The link 2: # 31 (see Fig. I), which may be easily shown to be tunnel number one, 
demonstrates that the primality theorem fails for links of more than one component. This 
paper classifies the composite two-generator links by identifying the link summand in 
Theorem 5.1, and characterizing the knot summand in Section 6. Thus a two-generator 
link is prime, or is the connected sum of the Hopf link and a two-generator knot in 
which one of the generators may be taken to be a meridian. One recovers the result that 
two-generator knots are prime as a corollary. 
The proof of Theorem 5.1 splits into algebraic and topological components. Section 2 
establishes an algebraic condition which determines when a certain free product with 
amalgamation is not generated by any two of its elements. The key algebraic lemma 
is found in Lemma 2.3 and is an extension of an unpublished result of Norwood [lo, 
Lemma 3.11. In Sections 3 and 4, a modification of the techniques of Simon in [16] 
is used to establish properties about the peripheral structure of a link. The main result 
here is Lemma 4.8, which is the main ingredient needed to show that certain link groups 
satisfy the algebraic conditions of Section 2. Section 5 contains the main result, namely 
that composite two-generator links have Hopf link summand. Section 6 further shows 
that the knot summand is a two-generator knot in which one generator may be taken to 
represent the class of a meridian. 
I would like to thank Steve Bleiler for his invaluable assistance, and James Van Buskirk 
for his insight, constant encouragement, and support. 
2. Algebraic structure 
2.1. 
Let A *C B denote the free product with amalgamation of the nontrivial groups A 
and B along the subgroup C, where C is isomorphic to a proper subgroup of each of 
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A and B. The groups A and B are called the free factors of the amalgamation. Recall 
from Magnus, Karrass and Solitar [8] that any element x of A *C B may be uniquely 
expressed in normal form as z = ~1 x2 . . . x,c where c is an element of C and the xi 
are alternately elements of a fixed set TA of right transversals for the cosets of C in A 
and a corresponding set TB of right transversals for the cosets of C in B. The coset C 
in either of A or B always receives the transversal represented by 1 and the transversal 
representative 1 never appears in the normal form word for x. If x is expressed in the 
above normal form, then 2 is said to have length m, and one writes length(x) = m. If 
x1 is an element of A, then x is said to begin in A. If x, is an element of A, then x is 
said to end in A. Similarly, if xi is an element of B for i = 1 or i = m, then x is said 
to begin or end respectively in B. If x begins in A and ends in B, then x can be written 
concretely in the normal form x = at bz. . . b,c. If z can be written in this form, then x 
is said to be a word of length m beginning in A and ending in B. 
Two words x and y written in normal form are multiplied by concatenation. The 
product is subsequently converted to normal form by moving the elements of C to the 
right through the word y. If the word x = xi . . z,c ends in the same group as the 
word y = yt . y,c’ begins in, then the product x,cyi is an element of one of A or 
B. If x,cyl is an element of the complement of C in that factor, then xy is said to 
have amalgamation and length(xy) = n + m - 1. If the product x,cyl = C, an element 
of C, then the word xy has cancellation and the product x,_ 1 cy2 is then examined for 
additional cancellation or amalgamation and length(xy) < m + n - 2. If x ends in a 
different group than y begins in, there is no amalgamation or cancellation in xy and 
length(zy) = rn + n. 
The following result is due to Stallings [18, Theorem 4.31. 
Lemma 2.1. If n elements generate a free product with amalgamation, then there is a 
set of n generators in which at least one of the generators is an element of one of the 
free factors. 
The next result is due to Norwood [ 11, Lemma 2.21. 
Lemma 2.2. Let A *C B be us in Section 2.1. Suppose thutfor each x in (A*c B) - C, 
xn in C for some integer n implies that xn = 1. If A *C B can be generated by two of 
its elements, then there exists a generating pair with normal forms g1 = al . . . b,c and 
g2 = c’. 
The next lemma is a slight generalization of [ 10, Lemma 3.11, and is central to the 
main result of this paper. 
Lemma 2.3. Let A *C B be us in Section 2.1. Let A’, B’ denote the commutator sub- 
groups of A and B respectively. Let PA : A -+ A/A’ denote the ubeliunizing homomor- 
phism and PB denote the corresponding homomorphism for B. Suppose the following 
conditions are satisfied: 
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(i) The group C is isomorphic to Z and is generated by the element u of C. 
(ii) As a subgroup, C does not lie in the center of A nor in the center of B. 
(iii) The restriction of the map (PA to the subgroup C is injective, as is the corre- 
sponding restriction of (PB to the subgroup C. 
(iv) If x is an element of (A *C B) - C and xn is an element of C for some integer 
n, then xn = 1. 
Then the group A *C B is not generated by any two of its elements. 
2.2. 
The rest of the section is devoted to the proof of Lemma 2.3. Assume the group A+ B 
above may be generated by two of its elements. Then A *C B satisfies the hypotheses of 
Lemma 2.2 and since C is an infinite cyclic group, the two generators may be chosen to 
have form g1 = al . . . b, and g2 = u. As C is isomorphic to a proper subgroup of each 
of A and B, the length of g1 is at least two. In what follows, the element ai denotes the 
ith transversal element in the word 91, and the element bj denotes the jth transversal 
element in 91. Note that this indexing may not be compatible with the indexing of the 
transversal sets TA or TB, especially as the same transversal element may appear more 
than once in the word 91. 
Proposition 2.4. The set SA = {al, ~3,. . . , a,_1 , u}, where ai is the ith transversal 
representative in the word 91, generates A. 
Proof. Let S denote the subgroup of A generated by SA. Note that if Ui and aj are in SA 
then the product a@aj is an element of S even though the product may be rewritten in 
normal form as alar for some integer r and transversal representative ax in (TA - SA). 
By assumption, g1 and u generate A *C B so A lies in the group they generate. An 
arbitrary element a of A may then be written as a word w in g1 and u. As a may also 
be written a = UJ,U’ for some integer T and right transversal ax in the set TA, the 
uniqueness of normal form implies that the word w admits cancellations which reduce 
its length to 1. In particular, all occurences of elements of B cancel to produce powers 
of u, all of which lie in S. It follows that S actually equals A. 0 
Remark 2.5. A parallel argument shows the set SB = {bz, b4, . . . , b,, u} generates B. 
Proposition 2.6. Let xi be any transversal element of SA or 5’~. Then xi and u commute 
if and only if the product xi~pxi’ is an element of C for some nonzero integer p. 
Proof. If xi and ‘1~ commute, then xitPxi’ = up is an element of C for all integers 
p. Conversely, if XiU’X~l E C f or some nonzero integer p, then since ZiUPZi’ = 
(ziux~*)p, the element (xi~zi’)P is also in C. If xiux;’ is an element of (A - C) 
or (B - C), then by Lemma 2.3(iv), the relation (XiUXi’)” = XiuPxi’ = 1 holds. 
The last relation implies u* = 1, contradicting the fact the element u generates an 
infinite cyclic subgroup of A *C B. Therefore it must be that ziuzi’ = UQ for some 
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integer q. By applying the abelianizing homomorphism (PA if zi is an element of A 
(respectively PB for zi E B), the injectivity of the homomorphism implies that q is 1, 
-1 and so siuzi = u. q 
Remark 2.7. As C does not lie in the center of A, there exists at least one element ai 
in SA such that ai does not commute with u. Similarly there exists a bj in SB which 
does not commute with u. 
Remark 2.8. By Remark 2.7 there exists a transversal zk+t of lowest index in g1 such 
that zk+l and u do not commute. Form the subword f = zt . . . xk of gt. The word f 
has the property that f and u commute and that length(f) = k where k is an integer 
satisfying the inequality 0 < k < m - 2. 
Similarly, there exists a transversal x,-j of largest index in gt such that x,+j and u 
do not commute. Form the subword 1 = x,-j+1 . . . x, of gr which has the properties 
that 1 and u commute and that length(Z) = j where j is an integer satisfying the inequality 
O<j<m-2. 
The word gt may now be written in the form g = f zl where f and 1 are as above and 
2 = xk+t ... x,-j consists of the remaining part of gt. The word z has the property 
that z begins and ends in transversals which do not commute with u, and the length of 
z satisfies the inequality 2 f length(z) < m. 
Remark 2.9. As the generator gt begins in A and ends in B, the following set 
of words in A *C B have no amalgamation or cancellation for any integer p: 
{.9P? glupgl? 91 -‘tPg;‘}. 
Proposition 2.10. For nonzero integer p, the words glupgl’ and g[‘uPgl have length 
at least three. 
Proof. Using the form of gt given in Remark 2.8, write: 
WPS,’ = fzluPl- lz-‘f-’ = fzuPz-lf-l. 
By the construction of z, the element x:,_.~u~x~‘_~ is not in the group C, hence is an 
element of (A - C) or (B - C) of f orm x’ur where x’ lies in the same free factor as 
xcm_j. As x’ and x,-j-t lie in different factors of A*cB, there is no further cancellation 
or amalgamation, thus: 
length(gr upgrl) = 2m - 2j - 1. 
The inequalities of Remark 2.8 show this word has length at least three. A parallel 
argument shows: 
length(g;‘uPgt) = 2m - 2k - 1 
which is also of length at least three. 0 
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Remark 2.11. An arbitrary element w generated by the words gt and u has the form 
w = g+P2 , . . gpz’-‘uP2v f or arbitrary integers pt and pzr and nonzero integers pi when 
2 < i < 2r - 1. If the number pi is zero, then conjugation of w by u-P2 gives a word of 
the same length as w, in which the first power of gi is nonzero. So it may be assumed 
for the purpose of evaluating the length of a word w that the integers pi are all nonzero 
for1 <i<2r-1. 
Proposition 2.12. A word w generated by the elements g1 and u is never of length one. 
Proof. An arbitrary element w generated by the elements gi and u has the form given 
in Remark 2.11. Note that in this uncancelled form, the length of w is at least rm 
where length(gt) = m. Also note that in this form, no two transversals from the same 
group are adjacent. Two transversals from the same group are separated by a power of u 
only in the occurrence of the phrase gt uPg[’ or gcl Qgt. Thus the only cancellation or 
amalgamation in w occurs in these phrases. Define g(w) to be the number of times the 
sequence {p2i_l}~=i changes algebraic sign. For instance, if w = g:zL-2g,“‘u-2g,‘u8, 
then the sequence (5, -33,l) changes algebraic sign twice, so g(w) = 2. Notice also 
that for any word w, F(W) < r - 1. There are now three situations to consider for g(w): 
Case (i). The number cr(w) is even. 
Suppose the number cr(w) is 2s for some integer s, and so the word w contains s 
occurrences of the phrase gtupg,’ and s occurrences of the phrase g[‘zlPgi . By the 
equalities of the proof of Proposition 2.10 each occurrence of giuPgrl contributes a 
cancellation of 2j transversal elements and the amalgamation of two transversals in w. 
Similarly each occurrence of gclGgi contributes a cancellation of 21c transversals and 
an amalgamation of two transversals in w. One concludes that length(w) satisfies the 
following inequality: 




rm- ?g(w)(29+2k+2) arm-(r-l)m=m. 
> 
By Section 2.2, m is at least 2, and so the length of a word w in this case is not one. 
Case (ii). The number cr(w) is odd and the initial power pl of gi is positive. 
Suppose that the number U(W) is 2s + 1 for some nonnegative integer s. The word w 
then contains s + 1 occurrences of the phrase giuPgrl and s occurrences of the phrase 
gr’$‘gi. It then follows from the proof of Proposition 2.10 that the length of w after 
cancellation satisfies the following inequality: 
length(w) 2 rm - s(2j + 2k + 2) - (2j + 1) 
and: 
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Thus the length of a word w satisfying the conditions of this case does not have length 
one. 
Cuse (iii). The number a(w) is odd and the initial power pl of g1 is negative. 
Again suppose g(w) is 2s + 1 for some nonnegative integer s. The word w contains 
s + 1 occurrences of the phrase gr’ungi and s occurrences of the phrase giung;‘. It 
follows from the proof of Proposition 2.10 that after cancellation, length(w) satisfies the 
following inequality: 
length(w) 3 rm - s(2j + 2lc + 2) - (21c + 1) 
rm - s(2j + 2k + 2) - (21c + 1) 3 rm - m(r - 2) - 2(m - 2) - 1 = 3. 
Thus the length of a word w satisfying the conditions of this case does not have length 
one. 
Since every element w generated by the elements gr and u is either a power of u and 
so has length zero, or satisfies one of cases listed, no such element has length one. 0 
Proof of Lemma 2.3. Proposition 2.12 shows the elements gi and u do not generate 
words of length one, and so do not generate either of the nontrivial subgroups A or B 
of the group A *C B. There is now a contradiction between Section 2.2 and the proof of 
Proposition 2.12. 0 
3. Peripheral structure 
3.1. Background and notation 
A link of n components is the embedded image of n disjoint copies of S’ in S’. A 
link L is split if the complement of a regular open neighborhood of L in s” admits an 
embedded two-sphere separating S3 into two 3-balls each of which contains at least one 
component of L. In this section L denotes a nonsplit link of two components LI and 
Lz. An open regular neighborhood of L in S’ is denoted N(L). The complement of 
N(L) in S3 is a compact 3-manifold Y with two boundary components Ti and T2; the 
boundaries of N(Ll) and N(L2) respectively. Choose the basepoint y for Y to be an 
element of Tl. Fix a properly embedded arc a in Y with distinct endpoints y E Tl and 
a point of T2. Then for each i = 1,2, let Pi denote the appropriate peripheral group, 
Pi = rri (Tl, y) and P2 = rri (T2 U a, y). Choose the generators ‘zli and li of the group 
Pi such that the class of the meridian for Li is the generator pi, and that the class of 
the preferred longitude for Li is the generator li, as described by Burde and Zieschang 
in [2]. The group B denotes rri (Y, y), and B’ is the commutator subgroup of B. The 
groups B/B’ and Hi (Y, y) are isomorphic and the images of the meridians 2~1 and 7~2 
under the abelianizer $?B : B -+ B/B’, which by abuse of notation will also be denoted 
by ~1 and u2 when the context is clear, may be chosen as generators for Hi (Y, y). Thus 
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the longitude Zi satisfies the property that cp(li) = u~uY~~ for each i = 1,2 and some 
integer pi. 
Lemma 3.1. If L is a nonsplit link as in Section 3.1, the surface Tl is an incompressible 
component of the boundary of Y. 
Proof. The proof follows from the Loop theorem using a standard argument. 0 
Remark 3.2. A parallel argument shows Tz is also an incompressible component of the 
boundary of Y. 
Corollary 3.3. The groups PI and Pz are nontrivial subgroups of the group B. 
The following results are a modification of results found in Simon [16]. 
Result 3.4. Let p : (?(Pt ), $) + (Y, y) denote the covering space of (Y, y) correspond- 
ing to the subgroup Pi of B. Recall from Massey [7], that the group ~1 (Y(Pi), jj) is 
then isomorphic to Pi. 
gemma 3.5. The_space @(PI), jj) h as a manifold compacti$cation homeomorphic to 
T x [0, l] where T is the component of p-‘(Tl) containing @ 
Proof. By Simon [15, Corollary 3.31 and Lemma 3.1, the covering space @(PI), ij) has 
a manifold compactification homeomorphic to Tl x [0, 11. The inclusion of (Tl , y) into 
(Y, y) lifts to an inclusion of (TI , y) into (Y(Pl ), 6) by the lifting property for a covering 
space [7]. The image ? is identified with T, x 0 by convention. 0 
Lemma 3.6. Each component ch of p-’ (Tt ) not containing the basepoint fi is homeo- 
morphic to either an open annulus or an open disc. 
Proof. By the theory of covering spaces, each ch is either an open disc, an open annulus, 
or a torus. From Jaco [6], it follows that (Y(Pl), 6) is homeomorphic to T x [0, l] minus 
a closed set in the-boundary of ? x [0, 11. So by L_emma 3.5, the space (Y(Pl),@) is 
homeomorphic to T x [0, l] minus a closed set in T x 1. Thus all the components ch 
lie in ? x 1. If one Ch is a torus, then ch is all of ? x 1. This implies that p- * (Tz) 
must be empty, as all lifts of the boundary components of Y must lie in the boundary 
of the covering space (Y(Pi),fi), which contradicts the fact (Y(Pl),$) is a covering 
space. 0 
Lemma 3.7. Zf hl is an element of (B - PI) then the group hl PI h,’ n PI is isomorphic 
to either the trivial group or the infinite cyclic group Z. 
Proof. Take a loop representing hl in Y and lift it to a path h; in @(PI), c). The point 
h; (1) is an element of the component ch, of p-‘(TI). By Lemma 3.6, ch, is an open disc 
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or an open annulus. The restriction of the covering projection p : (Y(Pi), 5) + (Y, y) to 
the open annulus (Ch, , hi (1)) is a covering space of (Ti , y) corresponding to the group 
hi Pi h;’ n PI. It now follows that hi Pi h;’ f? PI is either trivial or infinite cyclic. 0 
Lemma 3.8. If hl , h2 are elements of the set (B - PI) with each of hl Pi h;’ n PI and 
hzP1 h,’ n PI isomorphic to the in$nite cyclic group Z, then they are conjugate subgroups 
of B. 
Proof. Take loops representing each hi in Y and lift them to paths hi i” @(PI), 5) for 
i = 1,2. Each point hi( 1) is an element of an open annulus Ch% in T x 1. The core 
curves J, of the two annuli Chlare simple closed curves on T x 1. These curves are 
essential in T x 1 (and so in (Y (PI ), ij)), as the induced map p, : ~1 (?(PI ), jj) + B 
is a monomorphism. Hence the curves Ji are not homotopically trivial in the space 
(Y(Pl ), 9). The core curves Ji and 52 are then parallel on ? x 1 as any two liftings of a 
set in the covering space are either disjoint, or equal. Thus the Ji are parallel, essential, 
simple closed curves on F x 1, and so freely homotopic in ? x 1 (and so in @(PI ), y)). 
It follows that the groups hl PI h,’ rl P, and hlP1 h;’ n PI are conjugate in B. 0 
4. Composite links 
Here, the results of Section 3 are applied to a composite link. 
Definitions 4.1. A link C is defined to be a composite link, if L admits a decomposing 
sphere, that is, a 2-sphere 5’ embedded in S3 such that S meets the link C transversely 
in exactly two points and separates S’ into two 3-balls neither of which meets L in a 
single unknotted arc. The link C will then be written K#s L, for links K and L. Recall 
that the connected sum of links is generally not well-defined. The connected sum of a 
knot and a link is well-defined in certain cases, one such is the connected sum of the 
Hopf link and any knot. This follows since the Hopf link is prime and each component 
is of the same knot type. Thus, if the context makes clear the decomposing sphere for a 
given composite link, then the link L will then be written as K # L. A link is prime if it 
is not composite. 
Notation 4.2. If L is a nonsplit, two component composite link K #s L, then one can 
find a decomposing sphere S such that L is K #S L where K is a nontrivial knot and L 
is a nonsplit link of two components LI and L2. The link C consists of two components, 
the knot K # Ll and the knot Lz. The complement S’ - N(L) will be denoted M 
and is a based space with basepoint b chosen to lie on the boundary of the intersection 
of the decomposing sphere S with M. The fundamental group of M will be denoted 
G for convenience. The space M has two boundary components; one, the boundary of 
N(K # LI) which is denoted by T, and the other the boundary of N(L2) which is denoted 
by T’. Each boundary component of M is seen to be incompressible by Lemma 3.1, 
and so the corresponding peripheral groups are subgroups of G by Remark 3.2. The 
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group 7rr (T, b) will play an important role in this section and will be denoted P. Choose 
generators u and I for P so that u represents the class of the meridian of K# Lt, 
and I represents the class of the preferred longitude of K#Lr as described in [2]. The 
generators U’ and I’ for the group ~1 (T’, b) are similarly chosen. 
Remark 4.3. The intersection of the sphere S with M is an annulus A called the 
decomposing annulus for K#s L. This annulus separates M into two components X 
and Y, where X is homeomorphic to the space S3 - N(K) with boundary torus TK, 
and Y is homeomorphic to the space S’ - N(L) with boundary components Tl and TX. 
Proposition 4.4. The decomposing annulus A is an incompressible sulfate in M. 
Proof. It suffices to show the inclusion i : A + M induces an injective homomorphism 
i, : ~1 (d, b) -+ G. The core curve of A is homotopic in A to a boundary curve of A on 
the torus T. The class of the core curve of A in G is thus the generator u of P. The 
generator u generates an infinite cyclic subgroup of G, and so the map i, : ~1 (d, b) + G 
is injective. 0 
Remark 4.5. The annulus A decomposes M as the space X ud Y. By the Seifert-Van 
Kampen theorem [7] and Proposition 4.4 the group G is isomorphic to the amalgamated 
free product 7ri (X, b) **,(A$) ~1 (Y, b). Note that by the definitions and Proposition 4.4, 
G has each of nl(X, b), 7rt (Y, b) and 5~~1 (A, b) as subgroups. 
Notation 4.6. As K is a nontrivial knot, the surface TK is an incompressible surface 
in X by Dehn’s lemma, see [14] for example, so the group of the torus TK is a proper 
subgroup of the group ~1 (X, by). Choose generators ‘ILK and 1~ for the group of TK 
such that UK represents the class of a meridian of K and ZK represents the class of 
the preferred longitude for K as in [2]. The space Y has a similar peripheral structure 
as outlined in Section 3.1. The torus TK in X and the torus TI in Y are amalgamated 
via the annulus A to form the boundary torus T of M. The generator u of P is the 
amalgamation of the meridianal generators UK of rrt (X, bK) and ~1 of ~1 (Y, y). Further, 
up to possible change of orientation, the generator 1 of P is the product ZKZ~ of the 
preferred longitudes for K and LI. 
Proposition 4.7. The longitude 11 in the subgroup ~1 (Y, b) of G is not an element of the 
subgroup P of G. 
Proof. Assume for contradiction that 11 is an element of P. By examining homology, 
one sees that the element li must be a power ZP for some integer p. The equation 11 = ZP 
together with the relation 1 = ZKZi of Notation 4.6 implies 1 = ZKZP, showing that ZK 
must also be an element of P, in fact, 1~ = I’--P. As Zi and ZK are each powers of 1, 
they commute, and the equation 
1°K = 1;-P = lP--P= 
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holds. Since II is an element of the group ~1 (Y, b) and lK is an element of the group 
~1 (X, b) which intersect exactly in the group ~1 (A, b), the element lp-PZ must be a 
member of ~1 (A, b). By homology, lpVp * is 1. This equation holds only if p = 0, p = 1, 
or 1 is trivial. The first two cases imply 1 is one of 1K or 11, and so the other is trivial, 
contrary to Remark 4.5. By Notation 4.2, I is not trivial. 0 
Lemma 4.8. If the element g is an element of the set (G - P) and gn is an element of 
the group ~1 (A, b) for some integer n, then g” = 1. 
Proof. Assume for contradiction that g” = uk for some nonzero integer Ic. Under this 
hypothesis, g” = ggng-’ = gu’g-’ = uk. By Lemma 3.7, the group gPg_’ n P is the 
infinite cyclic group (ur) generated by the rth power of u where the integer T satisfies 
the inequality Irl < I/cl. 
The element 11, not in P by Proposition 4.7, has the property that Ilull’ = u, since 1, 
and u are both elements of the peripheral group PI of ~1 (Y, y). The group I1 Pl;’ n P is 
infinite cyclic by Lemma 3.7, as it contains the element u, and so the group IlPl;’ n P 
is the infinite cyclic group (u) generated by the element u. 
Now by Lemma 3.8 the groups l,PZ,’ n P and gPg_’ 0 P are conjugate in G. Let 
5 be the element such that ZE(~~)Z-~ = (u). For some multiple q of T the equation 
ZU’~Z-’ = u then holds. A homology argument shows then that rq = 1 and hence 
T, q = + 1. It follows that the group gPg_’ n P is isomorphic to (u). There now exist 
integers p, q such that guplqg-’ = u. A homology argument shows that p = 1. The 
relation gu’1qg-’ = u implies that 
(guZQg-1)” = gu’c1q’cg-’ = uk. 
As the elements g and uk commute, the relation ukglqkg-’ = uk also holds, and so 
glQ”g-’ = 1. This implies the relation 1 qk = 1. The integer k is nonzero by hypothesis, 
and as 1 generates an infinite cyclic subgroup of P, 1 is not torsion, so one concludes 
that q = 0. At this point the elements g and u commute. 
Now the relation gn = uk implies the elements gn and uk share the same image under 
the abelianization of G. Thus g may be written ua< for some integer a such that Ic = an, 
and the element < is in the commutator subgroup G’ of G. The relation gu = ug holds 
if and only if the relation <u = u< holds. One now sees that 
gn = (u”<)” = uky = uk. 
One concludes that [” = 1. By choice of the element g, the element < is nontrivial, 
hence <” = 1 is a relation holding in the group G. It follows from the work of Pa- 
pakyriakopolous [ 131 that the group of a link is torsion free. Thus the relation gn = 1 
holds. 0 
5. The link summand 
The main result of this paper is: 
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Theorem 5.1. Let L denote a composite link of n components in S”, such that with 
respect to all decomposing spheres S, for which L can be wn’tten as K #S L, neither 
K nor L is the Hopf link (i.e., the link 27 in the notation of [ 141). Then the group of L 
is not generated by any two of its elements. 
Corollary 5.2. All two-generator knots are prime. 
Proof. Let n = 1 in the statement of Corollary 5.2. Since a composite link L of one 
component has no Hopf link summand, the hypothesis of Theorem 5.1 is satisfied. This 
recovers the principal result of Norwood [lo]. 0 
Theorem 5.3. Let L denote a composite link of n components in S3, such that with 
respect to all decomposing spheres 5’ for which L can be written as K #S L, neither K 
nor L is the Hopf link, then L is not tunnel number one. 
Corollary 5.4. If L is a composite link with tunnel number one then there exists a 
decomposing sphere S relative to which L is written K #s 2: for some nontrivial 
knot K. 
Remark 5.5. If L is link of n components for n > 3 then the group of L is not 
generated by any two of its elements.This follows since the rank of a group G is the 
minimal number of generators required in a presentation for G. If L is a link of n 
components, then Ht (S3 - N(L)) ’ is f ree abelian of rank n [2]. The abelianization G/G’ 
and Ht(S’ - N(L)) are isomorphic groups, so it then follows that the rank of G is at 
least n. 
Proposition 5.6. If L is a split link of n components for n 2 2 and the group G may be 
generated by any two of its elements, then L is the split link of two unknotted components. 
Proof. As L is split, the complement M of L admits a splitting sphere S relative to 
which L may be written as LI Us L2. The sphere S separates M into two components 
X and Y where X is the complement of Lt in S3 and Y is the complement of Lz in S”. 
The Seifert-Van Kampen theorem [7] shows that G is isomorphic to the free product of 
the groups ni (X, b) and ~1 (Y, b). By the Grushko-Neumann theorem for free products 
[8], the rank of G equals the sum of the rank of ~1 (X, b) and the rank of xl (Y, b). If 
G is to be generated by two of its elements, each of ni (X, b) and ~1 (Y, b) must have 
rank one. By Corollary 5.4 the components L1 and Lz must both be knots. The only 
knot whose group has rank one is the unknot, thus the link L consists of two unknotted 
components. 0 
Proposition 5.7. If L is the composite nonsplit link K #S L of two components, satis- 
fying the hypothesis of Theorem 5.1, then the group G of L satisfies the hypothesis of 
Lemma 2.3. 
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Proof. The group G is isomorphic to the amalgamated free product rrt (X, b) *?r,(~,b) 
7~1 (Y, b) as in Remark 4.5. Let A denote the group ~1 (X, b), let B denote the group 
xt (Y, b), and let C denote the group “1 (A, b). The group C is the group of the annulus 
A and so satisfies Lemma 2.3(i). The center of a nontrivial knot group does not contain 
a meridian by [ 161. From Murasugi [9], one has that the center of a two component link 
group does not contain a meridian unless the link is the Hopf link. The link L is not the 
Hopf link by hypothesis, and so Lemma 2.3(ii) holds. By Notation 4.6, the generator u 
represents the class of a meridian in each of A and B. It follows that under abelianization 
u generates a free cyclic factor of the image, and so Lemma 2.3(iii) holds. Finally, if g 
is an element of G - C, then g is an element of G - P or is an element of P - C. If g is 
an element of G - P and gn is an element of C, then Lemma 4.8 implies gn = 1. If g is 
an element of P - C, then g may be written in the form urls for integers r and s where 
s is nonzero. The element gTL = ~~~~~~~~ is an element of C if and only if sn = 0. As s 
is nonzero, if follows that n = 0, and so gn = 1 holds, and the conditions of Lemma 2.3 
are satisfied. 0 
Proof of Theorem 5.1. Theorem 5.1 now follows immediately from Proposition 5.7 and 
Lemma 2.3. 0 
6. The knot summand 
Let C denote a composite two-generator link. By Theorem 5.1, C may be written as 
K # L where L is the Hopf link with components L, and L2 and K is a nontrivial link. 
The link C then has components K # L1 and L2. 
Theorem 6.1. If .C is a nonsplit composite two-generator link K # L, then K is a 
two-generator knot in which one generator may be taken to be the class of a meridian 
for K. 
Proof. The space M = S’ - N(L) union a 2-handle B2 x [-1, l] yields the space 
(S’s - N(K)) - B’. Let m2 denote a meridian for the torus aN(L2). Note that the 
class of mz in the group ~1 (M, b) is uz. Now let h be a homeomorphism identifying a 
product neighborhood of the meridian rn2 on aN(L2) with aB2 x [- 1, l] in which m2 
and aB2 x (0) are identified. Then M Uh (B2 x [- 1, 11) is homeomorphic to the space 
X - B’, where X is the knot complement S’ - N(K). The group ~1 (X - B”, b) is now 
seen to be a quotient of the group G = xi (M, b) by the Seifert-Van Kampen theorem, 
and so may be presented by adjoining the additional relator r where T is the relator uz 
to a presentation for G. Recall that the group G may be presented using two generators, 
one of which is the element u that represents a meridian for the knot summand K of C 
by Lemma 2.2. As a quotient group, ~1 (X - B”, b) may be presented using the same 
generators. Hence rri (X - B’, b) may be generated by two of its elements, one of which 
represents the class of a meridian for K. The spaces X - B’ and X have the same 
fundamental group, again by the Seifert-Van Kampen theorem, hence the group of the 
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knot K is two-generator and one of the generators may be taken to be the class of a 
meridian. 0 
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